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Future U.S. Air Force vehicles require structures that can withstand extreme combined environments. Examples

include vehicles exposed to launch, sustained hypersonic velocities, reentry, and stealthy aircraft with buried engines

and ducted exhaust. Two of the many conditions that a structure in these environments will experience are elevated

temperatures and high acoustic loading. Computational methods are needed to rapidly explore the design space for

extreme environment structures. There has been a significant amount of work toward developing reduced-order

modeling to address the issue of sonic fatigue. These methods have been demonstrated to be useful for predicting the

geometric nonlinear response of aircraft structures to stochastic loading. Recent work also demonstrates that these

methods are able to predict the response of planar structures in these combined environments. The present study

demonstrates that the implicit condensation reduced-order modeling method can also be extended to curved

structures experiencing combined thermal-acoustic loading with changing thermal conditions. Successful displace-

ment and strain comparisons for a curved beamstructure aremade between results froma commercialfinite element

code and reduced-order models, using a single random pressure load (162 dB) and varying temperature cases.

Nomenclature

Ar�i; j; k� = cubic stiffness term in the nonlinear stiffness
function

Br�i; j� = quadratic stiffness term in the nonlinear stiffness
function

�C = modal damping matrix
f�t� = applied force vector
f�T = thermal force
K = linear stiffness matrix of the planar structure,

including stress stiffening effects
ko = linear stiffness matrix of the original structure
~K, �K = general linear stiffness matrices after a thermal-

induced geometry change in the physical/modal
coordinates

K�T = linear stress stiffening matrix
K1, ~K1 = quadratic stiffness matrices before and after a

thermal-induced geometry change
K2, ~K2 = cubic stiffness matrices before and after a thermal-

induced geometry change
M = mass matrix
n = number of modes used in the modal basis
p = response vector in modal coordinates
t = time
w = vector of relative displacement in physical

coordinates
x = displacement vector in physical coordinates
x0 = static displacement vector due to a temperature

change in physical coordinates
�T = temperature difference
� = nonlinear internal force vector
�i, � = modal vector, modal matrix
! = linear system natural frequency

Introduction

T HE goal of the Air Force Research Lab, Structural Sciences
Center, is to simulate high-performance aerospace structure

in extreme combined environments. Challenges in predicting the
response of structures in extreme environments include the coupling
between thermal-acoustic-structural response; material nonlinearity;
temperature dependence and degradation; spatial variation of mate-
rial and structural properties; the uncertainty in loads, material
properties, geometry, and boundary conditions; and, most relevant to
the present study, the computational cost and complexity of large
models.

The past decade has seen appreciable growth in the area of
dynamic reduced-order models (ROMs) used to predict the response
of aircraft structures experiencing sonic-fatigue-type geometric
nonlinear response. These models can be derived explicitly [1] and
identified from finite element (FE) analysis [2–5] or experimental
data [6]. Further, these models have been validated using well-
characterized experiments [7,8]. One area of active research is that
of curved structures experiencing combined loading. Consider the
structural response displayed in Fig. 1. This response represents the
normalized transverse displacement at the center of a shallow curved
beam experiencing combined transient thermal (20�F=s, 11�C=s)
and random pressure loading of 0:3763 lbf=in: (65:93 N=m) from
0–500 Hz. Each half-second time block represents a step increase in
temperature of 10�F (5.6�C). The nonlinear dynamic displacement
responsewas generated using ABAQUS [9] implicit Newmark–Beta
numerical integration.

In modeling this transient scenario, the beam is assumed to be at
the new temperature at the start of each half-second time increment.
The beam deforms with the spatially uniform temporally changing
thermal conditions, and this deformation is evidenced in the
increasing mean center displacement. The structural modes, or
eigenvectors, used to populate the basis of a ROM will also change
if the response is defined relative to each new reference state. This
study initiates an investigation toward using structural modes
identified at room temperature, or the cold modes, and extending
their use for prediction purposes at these higher temperatures.

Much of the computational and validation studies concerning
nonlinear ROMs, as applied to sonic fatigue, have been limited to
planar beams and panels. Recent work by Tiso et al. considered
curved structures and noted the need for a time-dependent basis in
certain circumstances [10,11]. Przekop and Rizzi [12] and Gordon
and Hollkamp [13] studied a shallow curved beam with uniformly
distributed random loading. An isotropic planar beam is a special
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case of the curved beam for which, for negligible in-plane inertial
effects, the transverse deflections can be described using bending
mode shapes. Przekop and Rizzi [14] have studied the nonlinear
response of a flat beam with temperature change using ROMs
assembled from coldmodes. They demonstrate that for the flat beam,
the nonlinear stiffness portion of the ROM does not change with
temperature; only the linear stiffness terms change due to stress
stiffening. However, curved structures pose an interesting challenge
from the perspective of ROM. The axial and transverse degrees of
freedom are coupled for both the linear and geometric nonlinear
(large deflection) scenarios. The addition of thermally induced
stress stiffening results in a change to the physical configuration of a
curved structure, as compared with a prebuckled planar structure.
Accompanying the change in physical configuration is a change in
the structural mode shapes, assuming that this configuration is taken
to be the new reference state. The goal of the present study is to
investigate the effects of a temperature change on the basis and
the resulting ROM of a curved beam. The recently developed IC
method is adapted for this task, and an example problem is studied.
The results of the problem are discussed to determine the usefulness
of a ROM as a predictive tool in this transient thermal scenario.

Reduced-Order Models

The general discretized equations of motion of a structure with
geometric nonlinearity, including the effects of temperature, are [14]

M �x� �Ko � K�T �K1�x� �K2�x; x��x� f�t� � f�T (1)

whereM is the mass matrix,Ko is the linear stiffness matrix, x is the
displacement vector as a function of time, and f�t� is a vector of
external time-varying forces. Quadratic and cubic nonlinear stiffness
matrices K1 and K2 are linear and quadratic functions of the nodal
displacements, respectively. Stress stiffening due to the temperature
change �T is represented by K�T. The thermal force is f�T.

The response of a flat beam, even with an applied temperature
field, can be described using the appropriately scaled unstressed
system vibration modes, or the cold modes�. Additionally, the non-
linear response of a flat beam can be modeled by using only cubic
hardening stiffness coefficients [5], whereas curvature introduces
the need for quadratic geometric nonlinearity. The linear stiffness for
the system can be represented as

K �Ko � ��T�K�T (2)

In modal coordinates, Ko can be represented as a matrix with the
unstressed system frequencies along themain diagonal. The effect of
temperature on the response of the flat beam can thus be predicted by
recognizing the relationship betweenKo andK in modal coordinates
for the known values of�T. This process will be discussed shortly.

If the static deflection of the structure due to the thermal change is
represented by the vector x0, the equations of motion become

M �w� � ~K� ~K1�w� � ~K2�w; w��w� f�t� (3)

where

w � x � x0 (4)

The new linear stiffness matrix ~K contains stress stiffening terms
aswell as the linear stiffness effects from the change in geometry. The

nonlinear stiffness functions ~K1 and ~K2 are also different from the
nonlinear functions, in Eq. (1), due to this change in geometry.
The linear and nonlinear stiffness may also change due to changes in
the elastic properties. The physical displacements are transformed
into modal space using the relationship:

w ��p (5)

where p is a vector of modal amplitudes and

� � ��1�2 	 	 	 �n� (6)

is a truncated set of mode shapes. Substituting Eq. (5) into Eq. (3)
results in a set of reduced-order equations of motion:

�p� �C _p� �Kp� ��p1; p2; . . . ; pn� ��Tf (7)

where the modal stiffness is

�K��T ~K� (8)

and � is a vector function containing the nonlinear terms. A diagonal

modal damping matrix �C has been introduced into the equations of
motion at this point. The general form of the nonlinear function for
the rth equation is

� r �
Xn

i�1

Xn

j�1
Br�i; j�pipj �

Xn

i�1

Xn

j�1

Xn

k�j
Ar�i; j; k�pipjpk (9)

where the Br�i; j� and Ar�i; j; k� terms express quadratic and cubic
modal stiffness, respectively.

The nonlinear function and the modal stiffness matrix depend on
the set of mode shapes used in the modal transformation. The mode
shapes of the original structure without the thermal load are termed
the cold modes. The cold modes will produce a modal stiffness
matrix that is nondiagonal for a curved structure at some different
temperature. Thus, the modal stiffness matrix cannot be defined
solely from the natural frequencies at temperature.

Indirect methods have been proposed in the literature [2–5,12–15]
to determine the reduced-order parameters from static solutions of
commercial FE packages. By neglecting the dynamic components,
Eq. (7) can be rewritten as

Xn

i�1

�K�r; i�pi �
Xn

i�1

Xn

j�1
Br�i; j�pipj

�
Xn

i�1

Xn

j�1

Xn

k�j
Ar�i; j; k�pipjpk � �Tr f (10)

for the rth equation. Given a set of static solutions from an FEmodel,
the linear and nonlinear stiffness coefficients can be estimated. Two
alternative methods are available. The stiffness evaluation method
[4,12,14] uses a set of enforced displacement solutions as the static
solutions. Reaction forces are determined from enforced structural
displacements that are algebraic sums of the modal shapes. The
stiffness coefficients can be determined from the reaction forces by
an algebraic procedure. The method must include membrane domi-
natedmodes in the basis to accurately capture the effects of structural
stretching. A second method, the IC method [2,3,5], uses applied
loading for the static solutions. Loads derived from scaled combi-
nations of the mode shapes are applied to the FE model and the

Fig. 1 Displacement response to transient thermal and random

pressure loading.
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resulting displacements are determined. The effects of membrane
stretching are implicitly contained in the displacements. Membrane
modes need not be included in the modal basis. The coefficients are
then estimated from the solution in a least-squares procedure.

The IC method is easily adapted to estimate the linear coefficients
as well as the nonlinear coefficients of Eq. (10). However, multiple
levels of the applied load are now necessary to accurately estimate
the parameters. In addition, the cubic terms involving three modes in
Eq. (10) were ignored to reduce the number of parameters in the
estimation process. Those terms are in some sense redundant, be-
cause the model still has the ability to couple three modes without
them.

In the past, an expansion procedure has been added to the IC
method to recover membrane displacements for flat structures [15].
The expansion procedure was also applied to improve the results for
curved structures [13]. The expansion procedure was based on the
observation that a model containing bending and membrane modes
could be condensed to a model containing only bending modes. The
modal condensation procedure suggested an analogous expansion
procedure. When cold modes are used with curved structures at
temperatures as described in Eq. (7),models containing both bending
and membrane modes will have linear modal stiffness coefficients
that denote significant linear bending-to-membrane coupling. These
terms are assumed to be negligible in the condensation procedure,
and hence the expansion procedure is suspect and is not used in this
paper. Fortunately, the case for an expansion procedure required to
recover membrane displacements for a curved structure is not as
strong as that for a planar one. A curved structure modeled in the
Cartesian coordinate system will have bending mode shapes that
contain both in-plane and out-of-plane displacements. The bending
mode shapes do not contain pure bending terms but are rather
bending dominated mode shapes. Some of the stretching is spanned
by the bending mode shapes (basis). Thus, the expansion procedure
is not necessary to describe all the membrane displacements. The
work in [16] describes how the expansion procedure can be applied
to this problem.

Example Problems

First, consider the case of the flat beam, including the effects of
temperature [12]. The beam geometry is shown in Fig. 2. The beam
length, width, and thickness are 18.0, 1.0, and 0.09 in. (0.46,
2:54 
 10�2, and 2:28 
 10�3 m), respectively. The beam is
aluminum, with elastic modulus of 10:6 
 106 psi (73.1 GPa), shear

modulus of 4:0 
 106 psi (27.6 GPa), density of 2:588 
 10�4 lbf 	
s2=in:4 (2768 kg=m3), and a thermal expansion coefficient of
12:4 � 	 in:=in:=�F (23 � 	m=m=�C). The material properties were
assumed to remain constant for all cases.

The cold modes used in the basis, the first four bending modes,
have frequencies of 57.8, 159, 312, and 516 Hz, respectively. The
modes were obtained from an ABAQUS beam model. The modal

equivalent of K, in Eq. (2), or �K for a �T of 35�F (19�C) was
evaluated in the present study using linear FE results with an applied

uniform temperature field constant through the thickness. Then, �K
for �T� 70�F (39�C) was evaluated.

For a prescribed change in temperature �T, the total linear

stiffness matrix �K can be assembled from the system frequencies.

Because �Ko, the unstressed linear modal stiffness matrix is �K for

�T� 0�F, the matrix �K�T can now be calculated. The modal

stiffness �K at different temperatures is determined and used for
postbuckling predictions of the flat beam. Equation (2) in modal
coordinates is the multimode equivalent to the single-mode
representation, detailed in Lee [17] and Yang et al. [18]. Predictions
at different random loadings are nowpossible, given the temperature-
dependent linear stiffness matrix and the identified cubic nonlinear
stiffness coefficients [the Ar terms in Eq. (10)]. Figure 3 displays
the center displacement results of a four-mode model of the flat
beam with a constant �T � 70�F (39�C). Broadband uniformly
distributed random (in time) loading was applied to the beam
between 140 and 170 dB (reference pressure2:9 
 10�9 psi,
20 �Pa). Notice that the persistent snap-through response does
not occur until 164 dB. Before 164 dB, the response remains at a
single equilibrium state. Figure 4 displays the power spectral density
(PSD) of the prediction from the four-mode model at �T � 70�F
(39�C) subjected to 164 dB, as compared with ABAQUS implicit
nonlinear dynamic results. The flat beam FE model consisted of
144 B31 beam elements. The results show that the four-mode model
is an accurate approximation for excitations with frequencies up to

t = 0.09 in (2.29mm) 
w = 1.0 in (25.4 mm)

x

y

F(t)

18 in (0.46m)

Fig. 2 Flat beam geometry.

Fig. 3 The center displacement of the flat beam for �T � 70�F (39�C).
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500 Hz, even though the beam experiences snap-through dynamic
instabilities.

The use of the IC method for curved structures experiencing
different thermal conditions will be investigated via the following
clamped–clamped curved beam example, displayed in Fig. 5. This
configuration is well documented in the literature [12,13]. The beam
projected length, width, and thickness are 18.0, 1.0, and 0.09 in.
(0.46, 2:54 
 10�2, and 2:28 
 10�3 m), respectively. The radius of
curvature is 81.25 in. (2.06 m). The beam material properties are the
same as for the flat beam case and, again, the material properties for
the curved beam were assumed to remain constant for all the thermal
cases.

In the present study, five different thermal cases were considered.
The mode shapes for these cases are displayed in Fig. 6. One random
pressure load case with a root mean square (RMS) equal to
0:3763 lbf=in:, 65:93 N=m (162 dB), with a flat spectrum between
0–500 Hz, was used. Mass proportional damping provided 2.0%
damping at 258 Hz, the frequency of the first symmetric cold mode.
An ABAQUS FE model with 144 B31 beam elements was used to
comparewith the ROMs. The numerical data used in the comparison
were generated usingABAQUS direct nonlinear implicit integration,
with a time step of 5 
 10�5 s. Each ABAQUS run required approxi-
mately 12.7 h on a 2GHz dual-core processor computer with 8GB of
RAM. Only a single CPU was used for each ABAQUS job.

Consider Fig. 6, the first four bending mode shapes of the beam as
a function of temperature. Notice that there is very little change from
the unstressed state to �T � 50�F (28�C). However, when �T is
greater than 50�F (28�C), there are appreciable differences in the
modes. Further note that the order of the modes changes at �T �
150�F (83�C). At this temperature difference, the curved beam has
closely spaced roots.

The comparison of mode shapes suggests that there may be tem-
perature regimes for which a constant basis may not be sufficient for
broad temperature regimes. For instance, note that a basis assembled
from the cold modes provides only a single mode with significant
deflection at the beam center: mode 2. Mode 3 does offer a small
amount of deflection at the beam center. Can this basis describe
motion at elevated temperatures, for which the center deflection is
described with a greater number of modes? In Fig. 7, PSDs of the
center displacement of the curved beam, generated using ABAQUS,
are shown. Notice the difference in displacement frequency content
as the temperature increases. In the frequency band of 0–500 Hz,
only the response at �T � 0�F is dominated by a single peak.
Interestingly, notice that the RMS displacement for a �T � 100�F
(56�C) and 150�F (83�C), adjusted for the increased mean displace-
ment, is nearly the value at �T � 0�F. This displacement then
decreases for a �T � 200�F (111�C).

ROMs for the five thermal cases were created using the four cold
modes (�T � 0�F), shown in Fig. 6. The results from 132 static load
cases were obtained fromABAQUS. The models were created using
the IC method, programmed using MATLAB [19]. Each ROM was
subjected to the distributed random loading used with the full model
simulation. Twenty s time records were computed using a Newmark
time integration procedure, programmed in MATLAB with a time
step of 2 
 10�5 s. Each time record required 80 s of CPU time on
a computer configured identically as that used on the ABAQUS
simulation. The computation time required to complete the 132 static
load cases was trivial in the present example, but it is expensive for

Fig. 4 The PSD of the center displacement of the beam at �T � 70�F
(39�C) and 164 dB.

Fig. 5 Curved beam geometry.

Fig. 6 The first four mode shapes for the curved beam, as a function of temperature.
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realistic aircraft panels. The resultingmodal displacementswere then
transformed to physical coordinates using the modal vectors. The
ROMs were used to predict the transverse displacement at the beam
center and the displacement of the x direction and the y direction at
the quarter point of the beam. Additionally, predictions weremade of
the total strain at the top surface of the beam at a point slightly less
than the quarter point, or 3.68 in (0.093 m). These results were
compared with the ABAQUS results for �T � 0, 100, 150, and
200�F (0, 56, 83, and 111�C).

The predictions for the transverse displacement at the beam center
are shown in Fig. 8. Predictions from the ROM are labeled as such,
and the ABAQUS time integration results are labeled as full model.
As expected, the ROM can predict the displacement at �T � 0�F
because the basis was constructed with mode shapes from that
temperature. The response contains a single peak in the 0–500 Hz
band. Of the four cold modes used, note that only the second mode
shape has a nonzero transverse displacement at the beam center. Yet,

as the temperature changes, the ROM can accurately predict the
multimodal nonlinear behavior of the beam center displacement.

The predictions for the x and y displacements at the beam quarter
point are shown in Fig. 9. Again, as we would expect, the ROM can
predict the displacement at �T � 0�F because the model was
assembled usingmodes from that temperature. The predictions at the
other temperature conditions are good as well, but the comparisons
degenerate as the temperature difference increases. The y-direction
predictions appear better than the x-direction predictions. The x-
direction displacements require a better membrane basis set, which is
not available using the IC method (given the present circumstances).

The strain predictions (at x� 3:68 in:, 0.093 m) along the beam x
axis are shown in Fig. 10. Again, the ROM predicts the strain
accurately at �T � 0�F. The predictions at other temperature
conditions are generally good but also deteriorate with increasing
temperature change. The strain predictions are not nearly as accurate
as the displacements, as strain is derived from the displacement
predictions. The strain prediction would improve with a more
representative basis set.

Presumably, a larger basis would be an improvement. To this
end, an eight-mode ROM was built using the first eight cold modes.
The predictions for �T � 150�F (83�C) are shown in Fig. 11. The
predictions improve outside the 0–500 Hz band but not appreciably
inside the band. In particular, the prediction of the x-direction
displacement at the quarter point did not improve. The additional
four modes are predominantly bending modes and did not improve
the ability to predict membrane displacements.

Figure 12 shows the predictions for a four-mode ROM built with
warm modes (i.e., the modes at the temperature/reference state of
interest). The predictions improve over the cold mode predictions as
expected. The warm basis was assembled with modes from the new
reference state. Most notably, the x-direction displacement at the
beam center improved, indicating that use of the warm modes
improves the ability to predict membrane displacements without the
use of normal membrane modes in the basis.

It was noted earlier that the stiffness terms in Eq. (3) change with
temperature. Specifically, the linear stiffness terms accounts for

Fig. 7 Curved beam center displacement from ABAQUS.

Fig. 8 Prediction of transverse displacement at the beam center for various temperatures using four cold modes.
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stress stiffening, whereas the nonlinear stiffness terms change as a
function of the change in geometry. One issue to consider is the
effect of temperature on the identified linear and nonlinear coeffi-
cients. In Fig. 13, linear stiffness terms (!2 on the main diagonal for
zero �T), identified when using the cold mode basis, are displayed

as a function of temperature. Note that the offdiagonal term K�2; 3�
is nonzero once a �T is introduced. This indicates that the cold
mode basis no longer results in a diagonal linear stiffness matrix.
This was expected, because the cold mode basis was used to
identify the coefficients.

Fig. 9 Prediction of curved beam quarter-point displacement at various temperatures using four cold modes.

Fig. 10 Prediction of curved beam strain at various temperatures using the cold modes.
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Figures 14 and 15 display a sampling of the quadratic and cubic
coefficients, identified using cold modes, for the second mode
equation [i.e., r� 2 in Eq. (10)]. In both cases, the terms have been
normalized with the respective cold (�T � 0�F) coefficient.
Additionally, the samplings of quadratic terms displayed were all
greater than 1 
 108, whereas the cubic terms displayed were all
greater than 1 
 1010. Note that the quadratic terms appear to vary
linearly with the temperature. Recall that the quadratic coefficients
depend upon the curvature. The same cannot be said of the cubic
terms. This is the disadvantage in using a varying basis (i.e., reference
state). This issue is addressed in [16].

Conclusions

Computational methods are needed to rapidly explore the design
space for structures in extreme environments. ROM methods have
been demonstrated to be useful for predicting the geometric non-
linear response of aircraft structures to random fluctuating pressure
loadings. Recent work has also shown that these methods are
sufficient for predicting the response of planar structures in com-
bined thermal-acoustic environments. The present study demon-
strates that a ROM can also be extended to curved structures
experiencing combined thermal-acoustic loading. One difficulty
associated with curved structures is the change in geometric

Fig. 11 Predictions using an eight-mode ROM, built with cold modes,

compared with full-order model results.

Fig. 12 Predictions using a four-mode ROM, built at temperature,
compared with full-order model results.
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configuration with accompanying thermal changes. If the structural
reference state is assumed to change, then the normal modes will also
changewith the temperature. The results of this study show that some
accuracy would be lost with this scheme, but the predictions are of
sufficient fidelity for exploration of the design space.

The IC method was used in this study, and only bending modes
were used in the basis. In the past, an expansion procedure allowed
the IC method to recover membrane displacements. However, when
cold modes are used with curved structures at temperature, the
expansion procedure will not work. Fortunately, a curved structure,
whenmodeled in the Cartesian coordinate system, will have bending
mode shapes that contain both in-plane and out-of-plane com-
ponents. Some of the structural stretching is spanned by the bending
mode shapes. Thus, the expansion procedure is not fully necessary to
obtain membrane displacements. Extending the modal basis should
also improve the predictions. However, the results in this study did
not show remarkable improvement when the modal basis was
increased from four to eight cold modes. The best predictions were
obtained when warm modes, the mode shapes at temperature, were
used in the construction of the ROMs.
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